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Abstract
We carry out a U -spin symmetry analysis for CP violation in B− decays into three light pi−pi−pi+,
pi
−
K
−
K
+, K−K−K+ and K−pi−pi+ mesons. We clarify some subtle points in constructing decay
amplitudes with U = 0 formed by the two negatively charged light mesons in the final states. U -
spin conserving momentum independent and momentum dependent decay amplitudes, and U -spin
violating decay amplitudes due to quark mass difference are constructed.
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I. INTRODUCTION
In this paper we carry out a U -spin symmetry analysis for B− decays into three light
pseudoscalar mesons. Here the light pseudoscalar means one of the π−, π+, K− or K+
mesons. The branching ratios and CP asymmetries, defined by ACP (f
+) = (Γ(B− →
f−) − Γ(B+ → f+))/(Γ(B− → f−) + Γ(B+ → f+)), for these decays have been measured
experimentally although some of them still have large error bars.
The CP asymmetries measured for the two ∆S = −1, B− → K−π−π+ and B− →
K−K−K+ final states are [1]
ACP (K
+π+π−) = +0.032± 0.008(stat)± 0.004(syst)± 0.007(J/ψK+) ,
ACP (K
+K+K−) = −0.043± 0.009(stat)± 0.003(syst)± 0.007(J/ψK+) , (1.1)
which are 2.8σ and 3.7σ away from zero, respectively. Recently BaBar collaboration also
reported their measurement [2] of ACP (K
+K+K−) = −0.017+0.019−0.014±0.014 which is consistent
with the LHCb result within 1.1σ.
The other two ∆S = 0 CP asymmetries are given by [3]
ACP (π
+π+π−) = +0.017± 0.021(stat)± 0.009(syst)± 0.007(J/ψK+) ,
ACP (K
+π+π−) = −0.141± 0.040(stat)± 0.018(syst)± 0.007(J/ψK+) . (1.2)
The significances are 4.2σ and 3.0σ, respectively.
The branching ratios for these decays have also been measured with [4]
Br(π−π−π+) = (15.2± 1.4)× 10−6 , Br(π−K−K+) = (5.0± 0.7)× 10−6 ,
Br(K−K−K+) = (34.0± 1.0)× 10−6 , Br(K−π−π+) = (51.0± 3.0)× 10−6 . (1.3)
These charged 3-body B− decays can provide new information about the SM and for
strong interaction which determine the hadronic matrix elements for B decays. Several anal-
yses based on flavor SU(3) symmetry both algebraic and diagrammatic approaches without
resonant contributions[5–8], and dynamic models including resonant contributions [9–12]
have been carried out. Analysis based on U -spin symmetry has also been carried out [13].
In general there is an amplitude A0 related to U = 0 state composed of K
− and π−
which contributes to B− → K−π−π+ and B− → π−K−K+, but not to B− → K−K−K+
and B− → π−π−π+. Naively, because the boson particle nature of K− and π−, the U = 0
combination formed from K− and π− is identically zero if the corresponding amplitude is a
constant independent of the kinematic or other dynamic variables of the K− and π− states.
This would lead to predictions away from experimental observation. Similar situation occurs
in SU(3) analysis [6]. If A0 depends on the momentum carried by the particles involved,
and it is anti-symmetry under exchange of the momenta of the two negatively charged
K− and π−, A0 needs not to be zero and the problem can be resolved. However, how
the amplitudes depend on the momenta are not known. In this paper, we study how to
construct momentum independent amplitudes, momentum dependent amplitudes by taking
derivatives in the particle states, and also U -spin violating amplitudes due to quark mass
difference.
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II. U-SPIN SYMMETRY AND THE DECAY AMPLITUDES
U -spin symmetry is a global SU(2) symmetry taking d and s as the two elements in
the fundamental representation, that is, (qi) = (d, s) form a U -spin doublet in quark flavor
space. The π− and K− therefore transform as a doublet, (Mi) = (π
−, K−). The complex
conjugate (M i) = (Mi)
∗ = (π+, K+) can also be written as a doublet with lower indices
(M˜i) = ǫij(Mj)
∗ = (K+,−π+). The B− is composed of a b-quark and a light u-quark and
therefore B− is a U -spin singlet. Using notations familiar with spin analysis, we can write
the d, s, π−(π+), and K−(K+), states as
|d〉 = |1/2,+1/2〉 , |s〉 = |1/2,−1/2〉 ,
|π−〉 = |1/2,+1/2〉pi− , |K−〉 = |1/2,−1/2〉K− , (2.1)
|K+〉 = |1/2,+1/2〉K+ , |π+〉 = −|1/2,−1/2〉pi+ .
In the SM the effective Hamiltonian Hqeff responsible to B
− decays into three charged
mesons are given by [14]
Hqeff =
4GF√
2
[VubV
∗
uq(c1O1 + c2O2)−
12∑
i=3
(VubV
∗
uqc
uc
i + VtbV
∗
tqc
tc
i )Oi], (2.2)
where q can be d or s. The coefficients c1,2 and c
jk
i = c
j
i − cki , with j and k indicating
the internal quark, are the Wilson Coefficients (WC). The tree WCs are of order one with,
c1 = −0.31, and c2 = 1.15. The penguin WCs are much smaller with the largest one c6 to
be −0.05. These WC’s have been evaluated by several groups [14]. Vij are the KM matrix
elements. In the above the factor VcbV
∗
cq has been eliminated using the unitarity property of
the KM matrix.
The operators Oi are given by
O1 = (q¯iuj)V−A(u¯ibj)V−A , O2 = (q¯u)V−A(u¯b)V−A ,
O3,5 = (q¯b)V−A
∑
q′(q¯
′q′)V∓A , O4,6 = (q¯ibj)V−A
∑
q′(q¯
′
jq
′
i)V∓A ,
O7,9 =
3
2
(q¯b)V−A
∑
q′ eq′(q¯
′q′)V±A , O8,10 =
3
2
(q¯ibj)V−A
∑
q′ eq′(q¯
′
jq
′
i)V±A ,
O11 =
gs
16pi2
q¯σµνG
µν(1 + γ5)b , O12 =
Qbe
16pi2
q¯σµνF
µν(1 + γ5)b.
(2.3)
where (a¯b)V−A = a¯γµ(1−γ5)b, Gµν and F µν are the field strengths of the gluon and photon,
respectively.
For ∆S = −1 and ∆S = 0 B− decays, the quark q are s and d, respectively. The effective
Hamiltonian Hqeff has a simple U -spin structure for both the tree and penguin contributions
and transforms as components in a doublet. It annihilates B− state and creates a final state
|1/2,+1/2 > for q = d (a |1/2,−1/2 > state for q = s).
At the hadron level, the decay amplitude can be generically written as
A = 〈final state|Hqeff |B−〉 = VubV ∗uqT (q) + VtbV ∗tqP (q) , (2.4)
where T (q) contains contributions from the tree as well as penguin due to charm and up
quark loop corrections to the matrix elements, while P (q) contains contributions purely from
one loop penguin contributions.
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Since Hqeff annihilates B
− state and creates a U -spin final state |1/2,+1/2〉 for q = d (a
|1/2,−1/2〉 state for q = s), only those final three meson states decayed from B− with correct
U -spin quantum numbers will be created. Therefore one needs to single out appropriate
|1/2,+1/2〉 and |1/2 − 1/2〉 ones formed by the three light meson in the final state to
identify which combinations are allowed. The final three charged mesons can form U -spin
eigen-states given in the following,
|K−K−K+〉 = |1/2,−1/2〉K−|1/2,−1/2〉K−|1/2,+1/2〉K+
= |1,−1〉K−K−|1/2,+1/2〉K+
=
1√
3
|3/2,−1/2〉1 −
√
2
3
|1/2,−1/2〉1 ,
|π−π−π+〉 = −|1/2,+1/2〉pi−|1/2,+1/2〉pi−|1/2,−1/2〉pi+
= −|1,+1〉pi−pi−|1/2,−1/2〉pi+
= − 1√
3
|3/2,+1/2〉1 −
√
2
3
|1/2,+1/2〉1 , (2.5)
|K−π−π+〉 = −|1/2,−1/2〉K−|1/2,+1/2〉pi−|1/2,−1/2〉pi+
= −
(
1√
2
|1, 0〉K−pi− − 1√
2
|0, 0〉K−pi−
)
|1/2,−1/2〉pi+
= − 1√
3
|3/2,−1/2〉1 − 1√
6
|1/2,−1/2〉1 + 1√
2
|1/2,−1/2〉0 ,
|π−K−K+〉 = |1/2,+1/2〉pi−|1/2,−1/2〉K−|1/2,+1/2〉K+
=
(
1√
2
|1, 0〉pi−K− + 1√
2
|0, 0〉pi−K−
)
|1/2,+1/2〉K+
=
1√
3
|3/2,+1/2〉1 − 1√
6
|1/2,+1/2〉1 + 1√
2
|1/2,+1/2〉0 ,
where the sub-indices “0” and “1” indicate the U -spin formed by the two negatively charged
mesons.
Inspection of the above three charged meson final states one clearly sees that there are
indeed U -spin |1/2,+1/2〉 and |1/2,−1/2〉 eigen-states and they will be the allowed final
states. Indicating the strength for the U = 0 and U = 1, formed by the two negatively
charged mesons, by AT0 and A
T
1 , one can write the T amplitudes as [13]
T (K−(p1)K
−(p2)K
+(p3)) = 2A
T
1 (p1, p2, p3) ,
T (π−(p1)π
−(p2)π
+(p3)) = 2A
T
1 (p1, p2, p3) ,
T (K−(p1)π
−(p2)π
+(p3)) = A
T
1 (p1, p2, p3)−AT0 (p1, p2, p3) ,
T (π−(p1)K
−(p2)K
+(p3)) = A
T
1 (p1, p2, p3)−AT0 (p1, p2, p3) . (2.6)
Here we have worked with the convention for the amplitudes, involving two identical particles
in the final states, that we symmetrize the amplitude first and then divide a factor of 2 when
calculating the decay width.
In the above, we have explicitly written the AT0,1 amplitudes as functions of momentum
pi of the final mesons. This is particularly important for the A
T
0 amplitude. This amplitude
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is from the U -spin equal to 0 state formed by the two negatively charged mesons. This
is an anti-symmetric combination in exchanging of K− and π−. Since they are bosons, if
there is no momentum dependence, the combination K−π− − π−K− is identically equal to
zero and therefore AT0 vanishes. For A
T
1 amplitude, it is not necessary to be zero even if no
momentum dependent due to the fact that it is from the symmetric combination of K− and
π−. The above analysis also applies to the penguin amplitudes AP0,1.
If the amplitudes are indeed momentum independent, one would predict [6]
Br(π+π+π−) = 2Br(π+K+K−) , Br(K+K+K−) = 2Br(K+π+π−) ,
ACP (π
+π+π−) = ACP (π
+K+K−) , ACP (K
+K+K−) = ACP (K
+π+π−) . (2.7)
and
ACP (π
+K+K−)
ACP (K+π+π−)
= − Br(K
−π−π+)
Br(π−K−K+)
,
ACP (π
+π+π−)
ACP (K+K+K−)
= −Br(K
−K−K+)
Br(π−π−π+)
,
ACP (π
+K+K−)
ACP (K+K+K−)
= −Br(K
−K−K+)
Br(π−K−K+)
,
ACP (π
+π+π−)
ACP (K+π+π−)
= −Br(K
−π−π+)
Br(π−π−π+)
. (2.8)
The above relations do not agree with experimental data shown earlier. Therefore, one
needs to make modifications. One of the possibilities to have a non-zero A0 is to have
momentum dependence for the amplitudes. With momentum dependence, AT0 (p1, p2, p3)
can be non-zero, if it satisfies
AT0 (p1, p2, p3) = −AT0 (p2, p1, p3) . (2.9)
For example, a term of the form c[(∂µK−(p1))π
−(p2) − K−(p1)(∂µπ−(p2))]∂µπ+(p3) is
U -spin zero, but not zero. c is a momentum independent constant. Such a term in the
Lagrangian gives an amplitude
c(p1 − p2) · p3 , (2.10)
satisfying the requirement of Eq.(2.9).
In general, how the amplitudes depend on the momentum is not known. It can come
from contributions to the amplitude due to exchange of particles (resonant contributions),
and may also come from derivatives on the particle fields in the initial and final states. In
the following we discuss how to construct non-resonant momentum dependent amplitude by
taking derivatives on the meson fields.
III. LOWEST ORDER MOMENTUM DEPENDENT AMPLITUDES
Construction of momentum dependent ampltiudes without resonant contributions can be
done in a systematic way by numbers of derivate taken. From Lorentz invariance require-
ment, the derivatives will have even powers. The lowest order terms have zero derivatives
and the terms of next order have two powers in derivatives. The construction is basically to
use B−, Mi, M
i (or equivalently M˜i) with different powers of derivatives, and the effective
Hamiltonian Hqeff to form U -spin singlet. To this end we denote the doublet formed by the
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effective Hamiltonian by H i ( or equivalently Hi = ǫijH
j). H1 = 1 and H2 = 1 represent
∆S = 0 and ∆S = −1 interactions, respectively. We will use Mi, M i, H i and B−, plus
derivatives as our building blocks.
For B− decays into three charged mesons, we need two Mi, and one M
i. There is only
one non-derivative U -spin singlet which can be constructed. It is given by
a01MiM
iMjH
jB− , (3.1)
where a01 is a constant. In the above B
− is going in and the light charged mesons are going
out.
Expanding the above, we obtain the momentum independent decay amplitudes
T 0(K−(p1)K
−(p2)K
+(p3)) = 2a
0
1 ,
T 0(π−(p1)π
−(p2)π
+(p3)) = 2a
0
1 ,
T 0(K−(p1)π
−(p2)π
+(p3)) = a
0
1 ,
T 0(π−(p1)K
−(p2)K
+(p3)) = a
0
1 . (3.2)
In the above, for the first two terms, the factor of 2 comes from identical particle effect.
Note that there is no equivalent amplitude for A0 given earlier. The construction of such
a term comes from U -spin singlet formed from two Mi. Without derivatives, the only singlet
can be formed is
ǫijMiMj . (3.3)
It is identically equal to zero due to the boson particle nature of K and π. This provides
another way to understand why there is no momentum independent A0 amplitude.
To have a non-zero contribution for A0 amplitude, we have to include momentum depen-
dent contributions. With derivatives, it is possible to have U -spin singlet formed from two
negatively charged mesons. It is given by
ǫijMi∂µMj . (3.4)
To construct Lorentz and U -spin invariant terms, one needs to take another derivative
on M i or B−. We can have two types of terms containing ǫijMi∂µMj ,
(i) ǫijMi(∂µMj)ǫklM
kH l(∂µB−) ,
(ii) ǫijMi(∂µMj)ǫkl(∂
µMk)H lB− . (3.5)
With two derivatives, there are also other terms. One can obtain them by taking appro-
priated derivatives from Eq.(3.1). They are given by
(a) (∂µMi)M
iMjH
j(∂µB−) , (b) Mi(∂µM
i)MjH
j(∂µB−) ,
(c) MiM
i(∂µMj)H
j(∂µB−) , (d)(∂µMi)(∂
µM i)MjH
jB− ,
(e) Mi(∂µM
i)(∂µMj)H
jB− , (f) Mi(∂
µM i)(∂µMj)H
jB− . (3.6)
Note that if the two derivatives are both taken on one field, ∂2Mi, ∂
2M i or ∂2B−, using
equations of motion, they do not produce terms different than Eq.(3.1) in the U -spin limit.
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The terms in Eq.(3.5) and Eq.(3.6) are not all independent because
ǫijǫkl = δ
i
kδ
j
l − δilδjk . (3.7)
The two terms in Eq.(3.5) can be expressed as linear combinations of the terms in Eq.(3.6)
(i) = (c)− (a) , (ii) = (f)− (e) . (3.8)
To emphasis the contributions for A0 amplitude, we use (i), (ii), (b), ((a) + (c))/2, (d)
and ((e) + (f))/2 as independent ones for ∆S = −1 procceses and label them as
(1) (∂µB
−)π+[(∂µK−)π− −K−(∂µπ−)] , (2) (∂µB−)K−[K−(∂µK+) + π−(∂µπ+)] ,
(3) (∂µB
−)[K−(∂µK−)K+ +
1
2
((∂µ(K−)π− +K−(∂µπ−))π+)] ,
(4) B−(∂µπ
+)[(∂µK−)π− −K−(∂µπ−)] , (5) B−∂µK−[(∂µK+)K− + (∂µπ+)π−] ,
(6) B−[(∂µK
−)K−(∂µK+) +
1
2
((∂µK
−)π− +K−(∂µπ
−))∂µπ+)] . (3.9)
Replacing ∂µ by the corresponding momentum pµ, we express the two derivative contri-
butions to the decay amplitudes as
1
m2B
(α1(1) + α2(2) + α3(3) + α4(4) + α5(5) + α6(6)) . (3.10)
In the above, we have normalized the dimension of the coefficients αi so that they are
dimensionless. Similarly, one can define the amplitude P p for the penguin contribution.
Similar expressions also apply to the ∆S = 0 amplitudes.
Replacing ∂µ by momentum pµ in the above expressions, we obtain the tree momentum
dependent amplitude T p
T p(K−(p1)K
−(p2)K
+(p3))
=
1
2m2B
(2α2pB · p3 + α3pB · (p1 + p2) + 2α5p1 · p2 + α6(p1 + p2) · p3) ,
T p(K−(p1)π
−(p2)π
+(p3))
=
1
2m2B
(2α2pB · p3 + α3pB · (p1 + p2) + 2α5p1 · p2 + α6(p1 + p2) · p3
+2(α1pB · (p1 − p2) + α4(p1 − p2) · p3)) , (3.11)
T p(π−(p1)π
−(p2)π
+(p3))
=
1
2m2B
(2α2pB · p3 + α3pB · (p1 + p2) + 2α5p1 · p2 + α6(p1 + p2) · p3) ,
T p(π−(p1)K
−(p2)K
+(p3))
=
1
2m2B
(2α2pB · p3 + α3pB · (p1 + p2) + 2α5p1 · p2 + α6(p1 + p2) · p3
+2(α1pB · (p1 − p2) + α4(p1 − p2) · p3)) .
In the above, the terms α1,4 and α2,3,5,6 contribute to A0 and A1 respectively.
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Note that in the U -spin symmetric limit, one has
T p(K−(p1)K
−(p2)K
+(p3)) = T
p(π−(p1)π
−(p2)π
+(p3)) ,
T p(K−(p1)π
−(p2)π
−(p3)) = T
p(π−(p1)K
−(p2)K
+(p3)) . (3.12)
Similarly, one can write down the penguin amplitude P p.
Neglecting the masses of K, and π, we have:
T p(K−(p1)K
−(p2)K
+(p3)) = T
p(π−(p1)π
−(p2)π
+(p3))
=
1
2m2B
[
(s+ t)(2α2 − α3 − 2α5 + α6) + 2m2B(α3 + α5)
]
,
T p(K−(p1)π
−(p2)π
+(p3)) = T
p(π−(p1)K
−(p2)K
+(p3)) (3.13)
=
1
4m2B
[
(s+ t)(2α2 − α3 − 2α5 + α6) + 2m2B(α3 + α5)− 2(s− t)(α1 + α4)
]
,
where s = (p2 + p3)
2 and t = (p1 + p3)
2.
IV. LEADING U-SPIN SYMMETRY BREAKING CONTRIBUTIONS
U -spin symmetry is broken by quark mass difference which will modify the decay ampli-
tudes. We now study how to obtain the leading amplitudes for U -spin violating amplitudes
due to quark mass difference. The mass matrix for d and s quarks is given by
(χij) =

md 0
0 ms

 = md +ms
2

 1 0
0 1

 + md −ms
2

 1 0
0 −1

 . (4.1)
From the above, one sees that the mass matrix transforms as a linear combination of a U -
spin singlet (the piece proportional to the unit matrix) and a triplet (the piece proportional
to σ3).
The construction of contributions due to quark masses can be obtained by inserting
χ at appropriate places in Eq.(3.1) and contracting the indices appropriately. The piece
proportional to unit matrix will produce a decay amplitude proportional to the momentum
independent U -spin amplitudes which can be absorbed into the momentum independent
part. Only the term proportional to σ3 = (σ
i
j) term contains new information. We find two
independent terms
β1Miσ
i
jM
jMkH
kB− ,
β2MiM
iMjσ
j
kH
kB− . (4.2)
Expanding the above terms, we obtain the U -spin breaking contributions to the decay
amplitudes
T b(K−(p1)K
−(p2)K
+(p3)) = −2β1 − 2β2 ,
T b(π−(p1)π
−(p2)π
+(p3)) = 2β1 + 2β2 ,
T b(K−(p1)π
−(p2)π
+(p3)) = β1 − β2 ,
T b(π−(p1)K
−(p2)K
+(p3)) = −β1 + β2 . (4.3)
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We have
T b(K−K−K+)− T b(K−π−π+) = T b(π−K−K+)− T b(π−π−π+) . (4.4)
Note that the above U -spin breaking terms do not have breaking terms related to the
A0 amplitude which should be there in general [13]. This is because the fact that to have
a non-zero A0 amplitude, derivative terms must be involved as discussed earlier. Including
derivative terms, one can write two terms
(i) γ1∂µ(Mi)Mjǫ
ij∂µ(Mk)σlkH
mǫlmB
− , (ii) γ2∂µ(Mi)Mjǫ
ijMkσlkH
mǫlm∂
µB− . (4.5)
However, the above two terms are equivalent to each other, to first order in light quark mass,
because the relation
(i) + (ii) = ∂µ(∂µ(Mi)Mjǫ
ijMkσlkH
mǫlmB
−)− ∂µ(∂µ(Mi)Mjǫij)MkσlkHmǫlmB− . (4.6)
The first term in the above is a total derivative term which does not play a role. The second
term is proportional to (m2K −m2pi) which is one order higher in light quark mass expansion
compared to the the leading terms proportional to βi and can be neglected. Therefore (i)
and (ii) are equivalent. Let us use (i) for discussion, one obtains additional corrections T bp
to T b with
T bp(K−(p1)K
−(p2)K
+(p3)) = 0 ,
T bp(π−(p1)π
−(p2)π
+(p3)) = 0 ,
T bp(K−(p1)π
−(p2)π
+(p3)) = γ1(p1 − p2) · pB ,
T bp(π−(p1)K
−(p2)K
+(p3)) = −γ1(p1 − p2) · pB . (4.7)
For consistence one should also now include terms of the form, ∂2MiM
iMjH
jB−,
Mi∂
2M iMjH
jB− and MiM
i∂2MjH
jB−, because ∂2K = m2KK and ∂
2π = m2piπ (the dif-
ference in masses breaks U -spin). These terms have been which neglected in the U -spin
limit. When U -spin breaking is considered, they should be included. However, when ex-
panding these terms using equations of motion, all resulting terms can be absorbed into
terms proportional to βi. We not need to write them again.
V. CONCLUSION AND DISCUSSIONS
In the previous sections, we have studied construction of decay amplitudes for B− to three
charged light pseudoscalar mesons from U -spin symmetry considerations. The construction
discussed has many things in common with flavor SU(3) symmetry analysis for these decays.
We conclude the paper by making a comparison with SU(3) construction of the decay
amplitudes and summarize the main numerical results.
Flavor SU(3) symmetry contains U -spin symmetry. Therefore one expects that the same
form of decay amplitudes will result for the same initial and final particles. Indeed we find
the corresponding contributions of these two analyses.
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The total decay amplitudes Tt and Pt can be written as
Tt = T
0 + T p + T b , Pt = P
0 + P p + P b . (5.1)
In the above, T b and P b include T bp and P bp also, respectively.
In the analysis of flavor SU(3) symmetry in Ref.[6], the amplitudes were written as
Tt = T + T
p +∆T , Pt = P + P
p +∆P . (5.2)
Apart from the identical factor conventions difference here and that used in Ref.[6], the
roles of T 0, P 0 and T p and P p here are played by T , P , T p and P p in Ref.[6], respec-
tively. In Ref.[6], ∆T and ∆P amplitudes look different than what have been defined here,
since ∆T (K−K−K+) is not equal to −∆T (π−π−π+), and ∆T (K−π−π+) is not equal to
−∆T (π−K−K+) as should be here shown in Eq.4.7. However, if one shifts the definitions
of T 0 and ∆T amplitudes as
T˜ 0(π−π−π+) = T˜ 0(K−K−K+) = T 0(π−π−π+) + T b(π−π−π+) ,
T˜ 0(K−π−π+) = T˜ 0(π−K−K+) = T 0(K−π−π+) +
1
2
T p(π−π−π+) ,
∆T˜ (K−K−K+) = T b(K−K−K+)− T b(π−π−π+) ,
∆T˜ (K−π−π+) = T b(K−π−π+)− 1
2
T b(π−π−π+) ,
∆T˜ (π−K−K+) = T b(π−K−K+)− 1
2
T b(π−π−π+) , (5.3)
the amplitudes T˜ and ∆T˜ are equivalent to T ′ and ∆T ′ defined in Ref.[6]. In the above
the factor 1/2 is due to different convention of identical factor in amplitudes. The U -spin
symmetry and SU(3) symmetry for B− decays into three charged pseudoscalar mesons are
equivalent.
As far as in obtaining the forms of decay amplitudes for B− decays into three charged
light pseudoscalar mesons is concerned, the U -spin symmetry analysis is considerably simpler
than that of the SU(3) symmetry analysis. However, SU(3) analysis can also apply to some
of the final three pseudoscalar mesons to be neutral ones and also also include B0d and Bs
decay into three psesudoscalar mesons.
The numerical fitting to data for B− to three light pseudoscalar mesons will be the same
in both approaches. We summarize below the main conclusions regarding numerical analysis
with data obtained in Ref.[6] in the U -spin language.
With just U -spin conserving momentum independent amplitudes T 0 and P 0, one would
obtain relations given in Eqs.(2.7) and (2.8). The LHCb data shown in Section I obvi-
ously do not support the branching ratio relations given by Eq.(2.7). The relations for
CP asymmetry ACP given in Eqs.(2.7 and (2.8) do not agree with data neither, except the
ratio ACP (π
+π+π−)/ACP (K
+K+K−). The LHCb data ACP (π
+π+π−)/ACP (K
+K+K−) =
−2.7± 0.9 agrees with the predicted value [5] −2.2± 0.2 very well using Eq.(2.8). If experi-
mental data at the LHCb will be further confirmed, one needs to include contributions from
beyond the U -spin conserving momentum independent effects to explain the data. It may
help if we take the momentum dependent and U -spin breaking contributions in considera-
tion.
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Adding U -spin conserving momentum dependent amplitudes T p and P p, the degen-
eracy between the amplitudes for A(π−π−π+) and A(π−K−K+), and A(K−K−K+) and
A(K−π−π+) can be lifted by a new piece of contribution, the term proportional to s− t in
Eq.(3.13). Because this new contribution does not interfere with the other contributions,
if it enhances the branching ratios of B− → K−π−π+, it also enhances B− → π−K−K+
compared with B− → K−K−K+ and B− → π−π−π+, respectively. This does not help to
improve fit to data which requires enhancement of branching ratio for B− → K−π−π+, but
reduction for B− → π−K−K+.
The experimental data can be explained by including U -spin conserving T 0 and P 0, and
U -spin breaking terms T b and P b if these terms are sizable compared with T 0 and P 0.
Without including T p and P p terms, data can already be explained. One may wonder what
will happen if both momentum dependent and U -spin breaking terms are included, such
as whether one can have small U -spin breaking contribution and/or have large T p and P p.
It has been shown in Ref.[6] that including both the momentum dependent and U -spin
breaking contributions, one still cannot obtain small U -spin breaking amplitudes to explain
data. However, one can find solutions with sizable T p and P p compared with T 0 and P 0.
Acknowledgments
XG would like to thank Hai-Yang Cheng and Jusak Tandean for useful comments. The
work was supported in part by MOE Academic Excellent Program (Grant No: 102R891505)
and NSC of ROC, and in part by NNSF(Grant No:11175115) and Shanghai Science and
Technology Commission (Grant No: 11DZ2260700) of PRC.
[1] R. Aaij et al. (LHCb Collaboration), arXiv:1306.1246[hep-ex].
[2] J.P. Lees et al. (BaBar Collaboration), arXiv:1305.4218[hep-ex].
[3] R. Aaij et al. (LHCb Collabortion), Report No. LHCb-CONF-2012-028, presented at the
International conference on High Energy Physics, Melbourne, Australia, July 2012; R. Aaij et
al. (LHCb Collabortion), arXiv:1310.4740[hep-ex].
[4] Y. Amhis et. al., Heavy Flavor Average group, arXiv:1207.1158 and online update at
http://www.slac.stanford.edu/xorg/hfag.
[5] B. Bhattacharya, M. Gronau and J. L. Rosner, arXiv:1306.2625.
[6] D. Xu, G. -N. Li and X. -G. He, arXiv:1307.7186 [hep-ph].
[7] M. Gronau, O. F. Hernandez, D. London and J. L. Rosner, Phys. Rev. D 52, 6356 (1995)
[hep-ph/9504326].
11
[8] B. Bhattacharya, M. Imbeault and D. London, arXiv:1303.0846 [hep-ph]; N. R. -L. Lorier,
M. Imbeault and D. London, Phys. Rev. D 84, 034040 (2011) [arXiv:1011.4972 [hep-ph]];
M. Imbeault, N. R. -L. Lorier and D. London, Phys. Rev. D 84, 034041 (2011) [arXiv:1011.4973
[hep-ph]]; N. Rey-Le Lorier and D. London, Phys. Rev. D 85, 016010 (2012) [arXiv:1109.0881
[hep-ph]].
[9] N. G. Deshpande, G. Eilam, X. -G. He and J. Trampetic, Phys. Rev. D 52, 5354 (1995)
[hep-ph/9503273].
[10] S. Fajfer, T. -N. Pham and A. Prapotnik, Phys. Rev. D 70, 034033 (2004) [hep-ph/0405065].
[11] H. -Y. Cheng and K. -C. Yang, Phys. Rev. D 66, 054015 (2002) [hep-ph/0205133]; H. -
Y. Cheng, C. -K. Chua and A. Soni, Phys. Rev. D 76, 094006 (2007) [arXiv:0704.1049 [hep-
ph]].
[12] Z. -H. Zhang, X. -H. Guo and Y. -D. Yang, Phys. Rev. D 87, 076007 (2013) [arXiv:1303.3676
[hep-ph]]; H. -Y. Cheng and C. -K. Chua, arXiv:1308.5139 [hep-ph].
[13] M. Gronau, arXiv:1308.3448 [hep-ph].
[14] G. Buchalla, A. J. Buras and M. E. Lautenbacher, Rev. Mod. Phys. 68, 1125 (1996); M. Ciu-
chini, E. Franco, G. Martinelli and L. Reina, Nucl. Phys. B 415, 403 (1994); N. G. Deshpande
and X. -G. He, Phys. Lett. B 336, 471 (1994).
12
